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We construct the two dimensional conformal field theory corresponding to four dimensional quan-
tum electrodynamics by using the path integral formalism and we show that the two dimensional
theory corresponds to the soft theory in four dimensions. This two dimensional action is simply
the boundary term of the minimized four dimensional action with a few field redefinitions and
gauge fixings. We show that the Sugawara construction of stress-energy-momentum tensor from the
Kac-Moody U(1) currents corresponds to that of the two dimensional theory and discuss possible
extensions to gravity.
PACS numbers:
I. INTRODUCTION
In recent years, soft theorems garnered a significant attention. This is, in part, due to their simplicity and their
mysterious ability to connect different corners of physics such as Quantum Chromodynamics (QCD), gravity, holog-
raphy, etc. For an example, we now know that Weinberg’s soft theorems are equivalent to the large/asymptotic gauge
symmetry Ward identity [1, 2]. This offers great prospects to formulating a quantum theory of gravity or perhaps a
holographic dual of it.
Perhaps even more surprising thing is the equivalence of the amplitudes in the soft theorem to a two dimensional
conformal field theory (2D CFT) amplitudes of the Kac-Moody insertions [3]. This is made more concrete through the
celestial sphere formalism [4], which fully utilizes these relations to formulate the scattering amplitudes as a correlator
on the sphere. These currents seem to be indicative of a deeper relation between the soft theorem and 2D CFT, which
we explore in this paper.
It would be quite useful if we could switch between the soft 4D amplitudes to the 2D amplitudes more directly and
at will, perhaps by finding some relations between the 2D action and the full 4D action. Indeed, we will show that
this is not only possible but it is also quite simple and encapsulates all the information we require.
This paper is organized as follows, in Sec.II, we review the construction of the Virasoro currents from the U(1) Kac-
Moody currents [5], providing us with a strong intuition for the 2D theory. In Sec.III, we shall explore a semi-rigorous
derivation of the relation between soft four dimanrsional Quantum Electrodynamics (4D QED) and 2D correlators
and actions, namely the 2D action is the boundary term in the 4D action of the residual gauge freedoms. This will
provide us with a natural correspondence for the soft 4D/2D correlation functions. Using the results above, and as an
important check of the formalism, we will derive the soft stress-energy-momentum tensor and evaluate its insertions
in order to compare it with the Sugawara construction in the celestial sphere formalism [3]. Finally, in Sec.IV, we
explore the effects of space-time diffeomorphisms on QED, that will aid us in future work.
II. FROM KAC-MOODY ALGEBRA TO VIRASORO ALGEBRA
We start from the observation that insertions of operators related to the soft U(1) gauge currents into S-matrices
or equivalently, celestial correlators correspond to the Kac-Moody currents in a 2D CFT of non-trivial level [3, 6].
It is commonplace to construct the Virasoro currents from the Kac-Moody currents [5], with which we are led
towards a possible form of a 2D CFT action.
Starting with non-Abelian gauge theory we have the following soft Ward identity [1],
〈Jaz (z)O1 (z1, z¯1) · · · On (zn, z¯n)〉VAC = gYM
n∑
k=1
1
z − zk
〈
O1 (z1, z¯1) · · ·T a[k]Ok (zk, z¯k) · · · On (zn, z¯n)
〉
VAC
, (1)
where as in the reference, Ja is the soft gluon current at future or past null infinity (proportional to the difference of
two 0-th order terms in the radial expansion of the gauge field), Oi (zi, z¯i) are fields that create mass-less particle at
the given celestial sphere co-ordinates and T[k] are k-th representations of the symmetry Lie Algebra.
2By following Ref. [5], we construct the currents of the Virasoro algebra with the central charge 1, from the U(1)
Kac-Moody current J(z) of the soft photon
J(z) =
∞∑
n=−∞
K0n
zn+1
, (2)
by the following relation,
L0m = −
1
2k
∞∑
n=−∞
:
(
K0m+nK
0
−n
)
: , (3)
where L0m is the Virasoro operator of central charge c = 1, “:” stands for normal ordering defined in [5], K
0
n’s are the
Kac-Moody operators, which satisfy the commutation relations of the U(1) Kac-Moody algebra with the Kac-Moody
level k, [
K0n,K
0
m
]
= −knδm+n,0 . (4)
Here, the commutator manifests itself in the hierarchy of contours of integration that define K
(0)
m given Eq. (2). We
can also find that these operators satisfy, [
L0m,K
0
r
]
= rK0m+r , (5)
this is a sufficient condition to show that the operators Lm, defined in Eq. (4), are indeed the Virasoro operators with
central charge 1. We now construct the Virasoro current as follows,
T (z) ≡
∞∑
m=−∞
Lm
zm+2
, (6)
The Virasoro current is given by the 2-dimensional stress-energy-momentum tensor of a scalar-field action of the form,
S =
∫
dzdz¯
√
γ
(
−1
2
γab∇aφ (z, z¯)∇bφ(z.z¯) + φJ
)
, (7)
Which when J = 0 gives, with the standard definition of the stress-energy-momentum tensor as the current associated
with null-infinity S2 co-ordinate transformations,
T (z) = − : ∇zφ∇zφ : . (8)
Here the notation : : expresses the normal ordering with respect to the scalar field φ. This may allow us to identify
∇zφ with our soft photon current, J(z). Motivated by that, we seek a 2-dimensional QED on the boundary of
flat-spacetime that has a form similar to Eq. (7).
III. 2D-4D PATH INTEGRAL RELATIONS
In this section, we shall derive all the relevant correlation functions of the soft theorems, as well as elucidate the
correspondence with 2D CFT and work out its stress-energy-momentum tensor.
Consider the following familiar path integral,
DQED =
∫ ∞
−∞
∏
µ,x
(dAµ (X))B [g [Aµ]] exp
[
i
∫
d4x
(
− 1
4e2
FµνF
µν + iǫ
)]
. (9)
The field eigenvalues, Aµ (X) are those of the photon gauge fields in the canonical theory. Here, µ and ν run over
the labels {t, x, y, z}, and X is the Euclidean co-ordinate, X = (t, x, y, z). B is an arbitrary functional of g which
gives the gauge fixing function, ǫ is representative of all the “ǫ term” in the propagator [7], and Fµν ≡ ∂µAν − ∂νAµ,
raising and lowering of indices is with respect to the Minkowski flat metric.
Then using the co-vector transformation law,
aµ =
∑
ν={u,r,z,z¯}
a′ν
∂yν
∂xµ
, (10)
3we can redefine the path integral in terms of retarded coordinates, {r, u, z, z¯},
ds2 = −du2 − 2dudr + 2r2γzz¯dzdz¯ . (11)
Here z = x+iyx3+r and
γzz¯dzdz¯ ≡ 4
(1 + zz¯)
2 dzdz¯ . (12)
The tensor transformation law is linear in the Euclidean fields, therefore it yields a field independent factor. It will
be useful for us to evaluate the QED action at the stationary point defined by the Euler-Lagrange equations,
S0QED =
∫
M
dudrd2z
√−g
[
− 1
4e2
F¯abF¯
ab + A¯aJ a
]
. (13)
Here M is the Minkowski manifold and a and b run over {r, u, z, z¯}. The barring of F¯ab indicates the quantity at the
stationary value, that is, F¯ab satisfies the equation of motion,
∇aF¯ ab = −e2J b . (14)
with the boundary value Aa at the boundary M˙ = S∞ × R of the Minkowski manifold M . Then by using (14), we
rewrite the action (13) as follows
S0QED =
∫
M
dudrd2z
√−g
[
− 1
2e2
∇a(A¯bF¯ ab) + 1
2e2
A¯b∇aF¯ ab + A¯aJ a
]
=S0QED,Free +
∫
M
dudrd2z
√−g
[
1
2
A¯aJ a
]
. (15)
We now make use of the gauge invariance of the action to set,
Au|M˙ = Ar|M˙ = 0 . (16)
The remaining fields, Az |M˙ are not fixed by the equation of motions or gauge fixings, and are thus free [1]. Then the
action corresponding to free QED (without external field coupling) (15) is defined as follows,
S0QED,Free =
1
2e2
∫
M˙
dud2z (Az∂uAz¯ +Az¯∂uAz)
=
1
4e2
∫
S2
d2z (AzAz¯ +Az¯Az) |+∞u=−∞ . (17)
We can use the following decomposition, for theorems where there is no magnetic monopoles nor long range magnetic
forces [8],
Az/z¯
∣∣
r=∞,u=±∞
= e2∂z/z¯φ
± (z, z¯) . (18)
Then by integrating by parts, and decomposing the future (and past) null boundary as R × S2, in this special case,
we obtain the action in two dimensions from Eq. (13),
SCFT,Free =
e2
2
∫
S∞
d2z
[
∂zφ
+∂z¯φ
+ − ∂z¯φ−∂zφ−
]
, (19)
which is nothing but a free 2D scalar of two fields in Eq. (7).
We now consider the path integral with the source J± for the scalar fields φ± on the 2D sphere at J ++/−/(J−+/−)
under the gauge conditions in (16),
D[τ+, τ−] =N
∫ ∏
ν,y
(dAν (X)) δ (Au|M˙ ) δ (Ar|M˙ )
× exp
[
i
∫
M
drdud2z
√−g
(
− 1
4e2
FµνF
µν + δ (u−±∞) δ (r −∞)AiJ i± + iǫ
)]
. (20)
4The gauge fixing functional is chosen as to satisfy Eq. (16). This can only affect the overall path integral by a constant
[9]. In the above and what follows, the index i runs over the components {z, z¯}. By dividing the Minkowski manifold
into the boundary M˙ and the interior Mint, we path-integrate the gauge field in Mint,
D[τ+, τ−] =N
∫ ∏
ν,M˙
(dAν (r =∞, u, z, z¯))
∏
ν,Mint
(dAν (r, u, z, z¯)) δ (Au|M˙ ) δ (Ar|M˙ )
× exp
[
i
∫
M
drdud2z
√−g
(
− 1
4e2
FµνF
µν + δ (u−±∞) δ (r −∞)AiJ i± + iǫ
)]
=N
∫ ∏
ν,M˙
(dAν (r =∞, u, z, z¯)) det
(
K
2π
)− 1
2
δ (Au|M˙ ) δ (Ar|M˙ ) exp
[
i
∫
drdud2z
√
g
(L (A¯ [J ])+ iǫ)] .
(21)
Here A¯ [J ] is a solution of the equation of motion (14) under the boundary conditions given by the boundary value
Az |M˙ . The factor det
(
K
2pi
)− 1
2 appears by the Gauss path integration of the gauge fields in Mint as usual. Note that
det
(
K
2pi
)− 1
2 does not depend on the gauge field nor sourse because the bulk terms are not coupled to anything. After
redefining the normalization factor N with N ′ by including det
(
K
2pi
)− 1
2 , as in (15), we can further rewrite (21) as
follows,
D[τ+, τ−] =N
′
∫ ∏
ν,M˙
(dAν (r =∞, u, z, z¯)) δ (Au|M˙ ) δ (Ar|M˙ )
× exp
[
i
∫
M˙
dud2z
√−g
(
− 1
2e2
AρF
rρ +
1
2
δ (u−±∞)AiJ i± + iǫ
)]
=N ′
∫ ∏
ν={z,z¯},int[M˙]
(dAν (r =∞, u, z, z¯))
∏
ν={z,z¯},S2
(dAν (r =∞, u = ±∞, z, z¯))
× exp
[
i
∫
M˙
dud2z
(
1
2e2
Az∂uAz¯ +
1
2e2
Az¯∂uAz +
1
2
δ (u−±∞)√−γAiJ± jγij + iǫ
)]
=N ′′
∫ ∏
ν={z,z¯},S2
(dAν (r =∞, u = ±∞, z, z¯)) exp
[
iS
J±
QED,2D
]
. (22)
Here we have defined,
S
J±
QED,2D =
∫
S∞
d2z
√−γ
[
1
4e2
A±i A
± i ± 1
2
A±i J i± + iǫ
]
. (23)
raising and lowering of indices is done w.r.t. the unit sphere metric, γij , and so we are left with,
D [J ]
D [J = 0] = C
∏
ν={z,z¯},S2
(dAν (r =∞, u = ±∞, z, z¯)) exp
[
iS
J±
QED,2D
]
, (24)
with C a finite constant. Then, the matter of finding correlation functions for soft modes is a simple process of
evaluating the r.h.s. of Eq. (24), which is just a quadratic Gaussian integral, giving,
D [J ]
D [J = 0] = C
′exp
[
i
∫
d2z
√−γ
(±e2
4
J± iJ i±
)]
, (25)
resulting in the following correlation functions,
〈
A±z (z, z¯)A
±
z¯ (w, w¯)
〉
=
〈
A±z¯ (z, z¯)A
±
z (w, w¯)
〉
= ±e
2
2
δ2 (z − w) . (26)
For the special cases corresponding to Eq. (18), we find
〈
φ± (z, z¯)φ± (w, w¯)
〉
= ± 1
2πe2
ln [(z − w) (z¯ − w¯)] , (27)
5which motivates us to define
J+(z) ≡ −2πie2∂zφ+ , J−(z) ≡ 2πie2∂zφ− . (28)
The above currents have correlation functions,
〈
J± (z)φ± (w, w¯)
〉
= − i
z − w . (29)
The above correlation functions are the exact ones obtained had we directly considered the action Eq. (19), which is
the equivalence that we set out to show. In fact, if we are to define the general phase space with a proper mapping
between the boundary fields and the soft modes, we could possibly obtain a 2D CFT path integral by changing the
path integration variables in the last line of Eq. (22).
Now, we define the vertex operators,
Oq± (z, z¯) ≡: exp
(
iq±φ± (z, z¯)
)
: , (30)
and define their correlation functions,
Gq
±
1
.....q±
N (w1, · · · , wN , w¯1 · · · , w¯N ) ≡
〈
Oq±
1
(w1, w¯1) · · ·Oq±
N
(wN , w¯N )
〉
. (31)
Utilizing Eq. (27), we calculate these correlation functions to be
Gq
+
1
···q+
N (w1, · · · , wN , w¯1, · · · , w¯N ) =
∏
n6=m
((wn − wm) (w¯n − w¯m))−
q+n q
+
m
4pie2 ,
Gq
−
1
···q−
N (w1, · · · , wN , w¯1, · · · , w¯N ) =
∏
n6=m
((wn − wm) (w¯n − w¯m))
q−n q
−
m
4pie2 . (32)
Insertions of the holomorphic currents defined in Eq. (28) yield,
〈
J±(z)Oq±
1
(w1, w¯1) · · ·Oq±
N
(wN , w¯N )
〉
=
N∑
n=1
q±n
z − wnG
q±
1
···q±
N (w1, · · · , wN , w¯1, · · · , w¯N ) . (33)
These are the exact correlation functions we expect of the U(1) soft photon insertion currents with incoming/outgoing
charged localized matter [1]. Moreover, double insertions of J(z) yield,〈
J+(z)J+(w)Oq+
1
(w1, w¯1) · · ·Oq+
N
(wN , w¯N )
〉
=
[
− 2πe
2
(z − w)2 +
∑
n,m
q+n q
+
m
(z − wn) (w − wn)
]
Gq
+
1
···q+
N (w1, · · · , wN , w¯1, · · · , w¯N ) ,
〈
J−(z)J−(w)Oq−
1
(w1, w¯1) · · ·Oq−
N
(wN , w¯N )
〉
=
[
2πe2
(z − w)2 +
∑
n,m
q−n q
−
m
(z − wn) (w − wn)
]
Gq
−
1
···q−
N (w1, · · · , wN , w¯1, · · · , w¯N ) ,
〈
J+(z)J+(w)Oq−
1
(w1, w¯1) · · ·Oq−
N
(wN , w¯N )
〉
=
[
− 2πe
2
(z − w)2
]
Gq
−
1
···q−
N (w1, · · · , wN , w¯1, · · · , w¯N ) ,
〈
J−(z)J−(w)Oq+
1
(w1, w¯1) · · ·Oq+
N
(wN , w¯N )
〉
=
[
2πe2
(z − w)2
]
Gq
+
1
···q+
N (w1, · · · , wN , w¯1, · · · , w¯N ) ,
〈
J+(z)J−(w)Oq+
1
(w1, w¯1) · · ·Oq+
N
(wN , w¯N )
〉
=
[
N∑
n=1
q+n
z − wn
]
Gq
+
1
···q+
N (w1, · · · , wN , w¯1, · · · , w¯N ) ,
〈
J+(z)J−(w)Oq−
1
(w1, w¯1) · · ·Oq−
N
(wN , w¯N )
〉
=
[
N∑
n=1
q−n
w − wn
]
Gq
−
1
.....q−
N (w1, · · · , wN , w¯1, · · · , w¯N ) . (34)
6The one difference here between the the current associated with u = ∞ and the one associated with u = −∞, is
the negative sign in the first equation. And so the Kac-Moody level of the Kac-Moody operators associated with
these currents are mirror images of each other about 0 on the number line, forming a direct sum of two copies of the
Kac-Moody algebra. More precisely, defining the operators as in Eq. (2),[
K+n ,K
+
m
]
= −4πe2nδn+m,0 ,
[
K−n ,K
−
m
]
= 4πe2nδn+m,0 ,
[
K+n ,K
−
m
]
= 0 . (35)
So we can repeat the procedure in Section II, to obtain a Virasoro current, T (z) from Eq. (3). It is interesting however
to note that this closely related to the stress-energy-momentum tensor of the action Eq. (19),
Tˆij ≡ 2√
γ
δS
δγij
, (36)
where γij is the metric on S
2
∞ in. This gives,
Tˆzz = e
2
(
∂zφ
−∂zφ
− − ∂zφ+∂zφ+
)
=
1
4π2e2
(
J+J+ − J−J−) . (37)
This operator insertion, however, would diverge due to the first terms on the r.h.s. of Eq. (36), so we need to normal
order it as
Tzz =: Tˆzz : , (38)
which when inserted into correlation function gives (using Eq. (34)),
〈
Tzz(z)Oq+
1
(w1, w¯1) · · ·Oq+
N
(wN , w¯N )
〉
=
[
1
4π2e2
∑
n,m
q+n q
+
m
(z − wn)(z − wm)
]
Gq
+
1
···q+
N (w1, · · · , wN , w¯1, · · · , w¯N ) ,
〈
Tzz(z)Oq−
1
(w1, w¯1) · · ·Oq−
N
(wN , w¯N )
〉
=
[
− 1
4π2e2
∑
n,m
q−n q
−
m
(z − wn)(z − wm)
]
Gq
−
1
···q−
N (w1, ..., wN , w¯1, · · · , w¯N )] ,
〈
Tzz(z)Oq−
1
(w1, w¯1) · · ·Oq−
N
(wN , w¯N )Oq+
1
(y1, y¯1) · · ·Oq+
M
(yM , w¯M )
〉
=
1
4π2e2

 M∑
l,r
q+n q
+
m
(z − yl)(z − yr) −
N∑
n,m
q−n q
−
m
(z − wn)(z − wm)


×Gq−1 ···q−N q+1 ···q+M (w1, · · · , wN , y1 · · · , yM , w¯1 · · · , w¯N , y¯1, · · · , y¯N ) . (39)
So to recapitulate this section, the soft photon modes and their couplings are insensitive to bulk interactions. Thus
we can perform a path integral decomposition as in Eq. (20). The effective action and thus the correlation functions
are those of 2D CFT, whose stress-energy-momentum tensor is roughly what we expected from earlier in Section II.
The spontaneous symmetry breaking allows us to rewrite all matter field as a soft vertex operator part and a hard
part which decouples. Thus we have a soft gauge/CFT correspondance.
IV. QED ASYMPTOTIC SYMMETRY?
Similar to the formulation of asymptotic symmetry by BMS, in which they find the group leaving the “initial
boundary conditions” of gravitational scattering invariant, we set out to see if such a group exists for QED in
Minkowski space-time. Following Ref. [1], we formulate the free QED Cauchy problem as such
A(0,1)u = 0 , A
(0,1)
r = 0 , ∇aAa = 0 . (40)
This fixes the gauge and we are able to express all components of the gauge vector as functionals of A
(0)
z (u, z, z¯) and
A
(0)
z¯ (u, z, z¯) up to u independent integration constants, our initial boundary data.
Therefore, we wish to find the group of diffeomorphisms, or equivalently their generators, such that,
LξaAu (r, u, z, z¯) = O
(
1/r2
)
, LξaAr (r, u, z, z¯) = O
(
1/r2
)
, LξaAz (r, u, z, z¯) = O(1) ,
LξaAz¯ (r, u, z, z¯) = O(1) , Lξa (∇aAa) = 0 . (41)
7Where L stands for the Lie derivative, and ξa is our asymptotic Killing vector. The last condition is trivially satisfied
since the quantity is a scalar. We also impose the regularity conditions (which can be loosened later),
ξr, ξu ≈ O(1) , ξz, ξz¯ ≈ O(1/r) . (42)
These reduce to
0 = A(0)z ∂uξ
z
(1) +A
(0)
z¯ ∂uξ
z¯
(1) . (43)
Now, we must also consider the effect on the space-time boundary data, i.e., reconciliate with the BMS super-
translations, which we take to be of the form [1],
ξa =f(z, z¯)
(
∂
∂u
)a
+
[
D2f
2
− DAfDBC
ABr + C
ABDADBf
2
2r2
+O
(
1/r3
)]( ∂
∂r
)a
+
[
−D
Af
r
+
CABDBf
2r2
+O
(
1/r3
)]( ∂
∂xA
)a
, (44)
withDA denoting the covariant derivative on the unit 2-sphere. But the condition Eq. (43) is satisfied by Eq. (44), since
f only depends on z and z¯, so the boundary conditions for free flat space QED are in agreement with supertranslations.
We are more interested in super-rotations, which take the form [1],
χa
(
Y z , Y z¯
)
=
u
2
(
DzY
z +Dz¯Y
z¯
)( ∂
∂u
)a
− (u+ r)
2
(
DzY
z +Dz¯Y
z¯
)( ∂
∂r
)a
+
(
Y z +
u
2r
(
Y z −DzDz¯Y z¯
))( ∂
∂z
)a
+
(
Y z¯ +
u
2r
(
Y z¯ −Dz¯DzY z
))( ∂
∂z¯
)a
. (45)
Where Y z(z), Y z¯(z¯) are holomorphic and antiholomorphic functions of z, respectively. Considering the same gauge
conditions as above, Eq. (40), or alternatively choosing the Au = 0 gauge, we must impose
0 = Lχ(Y )A
(1)
u = (χ
a∂aAu +Aa∂uχ
a)(1) =
1
2
A(0)z (Yz −DzDz¯Y z¯) + (c.c.) . (46)
For general boundary data, A
(0)
z and A
(0)
z¯ may depend on u, but Y
z and Y z¯ may not, therefore for such cases,
0 = Yz −DzDz¯Y z¯ , 0 = Yz¯ −Dz¯DzY z . (47)
For such cases, we must have
Y z(z) = Y z¯(z¯) = 0 . (48)
So super-rotations do not generally preserve the above gauge conditions, although for some values of A
(0)
z and A
(0)
z¯ ,
it may admit non-trivial solutions.
V. CONCLUSION AND FURTHER REMARKS
We have shown that the soft 4D QED is equivalent to a 2D CFT on the boundary. This equivalence is simply given
by the far future/far past null infinity boundary terms of the 4D minimized action in an appropriate gauge condition,
and redefining the soft modes, corresponding to residual gauge freedom, in terms of a scalar soft Nambu-Goldstone
mode, that automatically possesses the required celestial sphere symmetries.
The decoupling of the soft modes along with spontaneous symmetry breaking provide keys insights into the notion
of soft factorization. This derivation, is in some sense, gauge dependant, as we require the gauge conditions Eq. (16) to
simplify the discussion. However, we are assured by the Faddeev-Popov-De Witt methods that this is but an illusion.
The notion of a soft stress-energy tensor becomes well defined, and not just an intuitive construction of the Virasoro
operator.
In further works, we hope to consider the extension of this approach to sub-leading soft theorems, as well as to
the case of perturbative and non-perturbative gravity. Namely, this might hint at relations between the leading and
sub-leading soft amplitudes [10, 11]. In the case of the Einstein gravity in asymptotically flat space-times, this suggests
a pivotal role played by the Gibbons-Hawking-York term as well as super-rotations [1].
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